CONCENTRATION OF MAPS AND GROUP ACTION 
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Abstract. In this paper, from the viewpoint of the concentration theory of maps, we 
study a compact group and a Levy group action to a large class of metric spaces, such 
_^ ■ as R-trees, doubling spaces, metric graphs, and Hadamard manifolds. 

r^- 1. Introduction 

Let a compact metric group G acts on a compact metric space X. In [161 Theorem 
(-H I 5.1], V. Milman considered a Holder action (see Section 3.6.2 for the definition) and 

estimated the diameters of orbits from above by words of an isoperimetric property of 
the group G and a covering property of X. As he refered in the introduction, his idea 
came from the fixed point theory of a Levy group action by M. Gromov and Milman in 
[71 Theorem 7.1] (see Section 4 for the definition of a Levy group). In this paper, we 
^ \ consider general continuous actions of a compact metric group and a Levy group to some 

concrete noncompact metric spaces, such as M-trees, doubhng spaces, metric graphs, and 



a 



O 



^ . Hadamard manifolds. 

^ ! Of isoperimetric inspiring, the Levy-Milman concentration theory of maps played an 

^ I important role in Milman's estimation (and also Gromov and Milman's theorem of a 

^yQ • Levy group action). Taking a point x G X, he considered how concentrates the orbit map 

O ■ G3g—>-gx&Xtoa constant map. Recent developments of the concentration theory 

of maps by the author (pLj, [2j, [3]), by Gromov ([8], [10]), and by M. Ledoux and K. 
k>( ; Oleszkiewvicz ([I2]) enable us to estimate how the orbit map concentrate to a constant 

\-{ ' map in the case where X is an M-tree, a doubling space, a metric graph, and a Hadamard 

manifold. In stead of considering a Holder action and a covering property, we provide an 
estimate of the diameters of orbits of a continuous action of a compact metric group to 
those metric spaces by words of the continuity of the action, an isoperimetric property of 
G, and a metric space property of X. Our results assert that we can measure how the 
action to those metric spaces is closed to the trivial action by the above words. 

In the same point of view, we obtain two results of a Levy group action to the above 
spaces. A Levy group was first introduced and analyzed by Gromov and Milman in 
[7]. Gromov and Milman proved that every continuous action of a Levy group to a 
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compact metric space has a fixed point. They also pointed out that the unitary group 
f/(£^) of the separable Hilbert space £^ with the strong topology is a Levy group. Many 
concrete examples of Levy groups are known by the works of S. Glasner ^6j, H. Furstenberg 
and B. Weiss (unpubhshed), T. Giordano and V. Pestov [1], [5], and Pestov [20], [21] . 
For examples, groups of measurable maps from the standard Lebesgue measure space 
to compact groups, unitary groups of some von Neumann algebras, groups of measure 
and measure-class preserving automorphisms of the standard Lebesgue measure space, 
full groups of amenable equivalence relations, and the isometry groups of the universal 
Urysohn metric spaces are Levy groups (see the recent monograph [18] for precise). One 
of our results states that there is no non-trivial uniformly continuous action of a Levy 
group to the above spaces (Proposition 14.41) . We also obtain a generalization of Gromov 
and Milman's fixed point theorem (Proposition 14.31) . Both two results are obtained by 
making Gromov and Milman's argument precise. 

The article is organized as follows. In Section 2, we recall basic facts about the concen- 
tration theory of maps and prepare for the Sections 3 and 4. In Section 3, we estimates the 
diameter of orbits of a compact group action to R-trees, doubling spaces, meric graphs, 
and Hadamard manifolds. Section 4 is devoted to a Levy group action to those spaces. 

2. Preliminaries 

2.L Concentration function and observable diameter. In this subsection, we recall 
some basic facts in the concentration theory of 1-Lipschitz maps. We recall relationships 
between an isoperimetric property of an mm-space (metric measure space) and the concen- 
tration theory of 1-Lipschitz functions. The concentration theory of 1-Lipschitz functions 
was introduced by Milman in his investigations of asymptotic geometric analysis ([13], 
["14J . [15j). While the concentration theory of functions developed, the concentration the- 
ory of maps into general metric spaces was first studied by Gromov ([8], [9], [10]). He 
established the theory by introducing the observable diameter in [10]. We first recall its 
definition. 

Let y be a metric space and v a Borel measure on Y such that m := i^iY) < -|-oo. We 
define for any k > 

diam(i/, m — k) := infldiamFo I ^o ^ ^ is a Borel subset such that z^(Vo) > m — k,} 

and call it the partial diameter of u. 

Let (X, c?x) be a complete sparable metric space equipped with a finite Borel measure 
fix on ^- Henceforth, we call such a triple an mm-space. 

Definition 2.1 (Observable diameter). Let {X, dx, f^x) be an mm-space with mx '■ = 
fix{X) and Y a metric space. For any k > we define the observable diameter of X by 

ObsDiamy(X; — k) := sup{diam(/*(/ix),^x — k) | / : X — > F is a 1-Lipschitz map}, 

where /*(/ix) stands for the push-forward measure of fix by /. 
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The idea of the observable diameter comes from the quantum and statistical mechanics, 
that is, we think of nx as a state on a configuration space X and / is interpreted as an 
observable. 

Given sequences {Xn}'^^i of mm-spaces and {Yn}'^^i of metric spaces, observe that 
lim„^oo ObsDiamy^(X„; —k) = for any k > if and only if for any sequence {/„ : X„ -^ 
Yn}'^^i of 1-Lipschitz maps there exists a sequence {"^/„}5^i of points such that nif^ e F„ 
and 

lim ^xAi^n e Xn I dYMn{Xn),mfJ > s}) = 

for any e > 0. A sequence {Xn}'^=i of mm-spaces is said to be a Levy family if 
lim„^oo ObsDiamiR(X„; — k) = for any k, > 0. The concept of Levy families was first 
introduced in ^. 

For an mm-space X with fix{X) = 1, we define the concentration function ax '■ 
(0, +oo) ^ M as the supremum of fix{X \ A^r), where A runs over all Borel subsets 
of X with fix{A) > 1/2 and A^r is an open r-neighbourhood of A. This function de- 
scribes an isoperimetric feature of the space X. 

We shall consider each closed Riemannian manifold as an mm-space equipped with the 
volume measure normalized to have the total volume 1. 

Example 2.2. Let M be a closed Riemannian manifold such that RicM > ^^i > 0. 
By virtue of the Levy-Gromov isoperimetric inequality, we obtain q;a/(^) < e"''^'" /^ (see 
[Zl Section 1.2, Remark 2] or |Tll Theorem 2.4]). Since Ricso(n) > {n — l)/4, we have 
aso{n){r) < e'^""'^^^ /^ for example. 

Example 2.3. Let M be a closed Riemannian manifold. We denote by Ai(M) the non- 
zero first eigenvalue of the Laplacian on M. Then, for any r > 0, we have aM{f) < 
Q-y/ ^1(^1)1"/^ (see [7, Theorem 4.1] or |11| Theorem 3.1]). Since the ra-dimensional torus 
T" := §1 X §1 X •■■ X §^ satisfies Ai(T") = Xi{E>^) = 1, we obtain aT"(r) < e-''/^ for 
example. 

Let X be an mm-space and / : X ^ M a Borel measurable function. A number 
rrif G M is called a median of / if it satisfies that /^,(/ix)((— oo,mj]) > mx/2 and 
/*(yUx)([^/, +C)o)) > mx/2. We remark that m/ does exist, but it is not unique in 
general. 

Relationships between the concentration function and the observable diameter are the 
following: 

Lemma 2.4 (cf. |Tll Section 1.3]). Let X be an mm-space with fJ,x{X) = 1. Then, for 
any 1-Lipschitz function f : X -^M. and e > 0, we have 

Hxi{x e X I |/(x) - m/l > e}) < 2axie). 

Lemma 2.5 (cf. [HI Section 1.3]). Let X be an mm-space with fJ.x{X) = 1. Assume that 
a function a : (0, +cx3) -^ M satisfies that 

fix{{x e X I \f{x) - rufl > e}) < a{e) 
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for any 1-Lipschitz function f : X -^ M.. Then, we have axis) < a{e). 

By Lemmas 12.41 and 12. 5[ we obtain the following corollary: 

Corollary 2.6 ([11, Section 1.3]). A sequence {Xn}'^=i of mm- spaces is a Levy family if 
and only if \im.n^oo «x„(^) = for any r > 0. 

Combining Lemma 12.41 with Examples 12.21 and 12.31 we obtain the following corollaries: 

Corollary 2.7. Let M be a closed Riemannian manifold such that RicM > ^i > 0. Then, 
for any k > 0, we have 



21og(^) 
ObsDiamiR(M; -k) < 2d 1^^, 

In particular, we have 



'21og(^) 

ObsDiamM(50(72); -k) < 4W ^^^. 

n — 1 

Corollary 2.8. Let M be a closed Riemannian manifold. Then, for any k, > 0, we have 

X 61og(^) 
ObsDiamiR M; -k < ^^^. 

In particular, we have 

/2 
ObsDiamRfT"; -k) < 6 log - 

2.2. Concentration and separation. In this section, we recall the notion of the sepa- 
ration distance for an mm-space which was introduced in [TU]. We review relationships 
between the observable diameter and the separation distance. The separation distance 
plays an important role throughout this paper. 

Let X be an mm-space. For ki, K2 > 0, we define the separation distance Sep(X; ki, ^2) = 
Sep(/ix; 1^1, 1^2) of X as the supremum of the distance dx{,A, B), where A and B are Borel 
subsets of X satisfying that fJ,x{A) > ki and fJ.x{B) > k,2- 

Relationships between the observable diameter and the separation distance are foUow- 
ings. We refer to [2, Subsection 2.2] for precise proofs. 

Lemma 2.9 (cf. [TOl Section 3^.33]). Let X be an mm-space and k, k' > with k > k' . 
Then we have 

ObsDiam]g(X; — k') > Sep(X; k, k). 

Remark 2.10. In [TOl Section 3|.33], Lemma [2^ is stated as k = k\ but that is not true 
in general. For example, let X := {a;i,a;2}, dx{xi,X2) := 1, and fix{{xi}) = fJ'x{{x2}) '■ = 
1/2. Putting K = k' = 1/2, we have ObsDiamiR(X; -1/2) = and Sep(X; 1/2, 1/2) = 1. 



CONCENTRATION OF MAPS AND GROUP ACTION 5 

Lemma 2.11 (cf. [TOl Section 3|.33]). Let u he a Borel measure on M with m := z/(]R) < 
+00. Then, for any k > we have 

diam(i/, m — 2k,) < Sep(z/; k, k). 

In particular, for any k, > we have 

ObsDiamiR(X; —2k) < Sep(X; k, k). 

Corollary 2.12 (cf. [101 Section 3|.33]). A sequence {Xn}'^=i of mm- spaces is a Levy 
family if and only i/lim^^oo Sep(X„; k, k) = for any k > 0. 

2.3. Compact metric group action and diameter of a measure. Let a compact 
metric group G continuously acts on a metric space X. For each 77 > 0, we define a 
(possibly infinite) number p{ri) = p^'^'^^rj) as the supremum of dxigx^gy) for all (? G G 
and x,y E X with dx{x,y) < rj. Given a point x G X, we indicate by f^ : G —^ X 
the orbit map of x, that is, fx{g) '■= gx for any g E G. For the Haar measure pc on G 
normalized as pciG) = 1, we put u^x '■= {fx)*{fJ'G)- 

Proposition 2.13. Assume that VG,x{Bx{y-, ^)) > 1/2 for some y G X and S > 0. Then, 
we have 

(2.1) dxiy,gy)<S + p{6) 

for any g E G. Moreover, there exists a point xq G Gx such that 

(2.2) dx{xo, gxo) < mm{26 + p{26), 26 + 2p{6)} 
for any g E G. 

Proof. Taking any g E G, we first prove (12.11) . Since gBx{y,S) C Bx{gy, p{S)) and the 
measure uq^^j. is G- invariant, from the assumption, we have 

ucABxigy^piS))) > UGAgBx{y,6)) = ucABxiy^S)) > 1/2. 

Combining this with VG,x{Bx{y,v)) > 1/2, we get vcA^xiy^^) n Bx{gy,p{5))) > 0, 
which implies (12. ip . 

We next prove ( 12. 2p . Since the orbit Gx is compact, the support of the measure 
ucx is included in Gx. Hence, there exists a point xq E Bx{y,S) fl Gx. Let g E G. 
Since ugABx{xo,26)) > ijg,x{Bx{xq,25)) > 0, by using (O), we obtain dx{xo,gxo) < 
26 + p{26). We also have 

dxixo,gxo) < dx{xo,y) + dxiy,gy) + dxigy,gxo) 
< 6 + {6 + p{6)) + p{6) 
= 25 + 2p{5), 

which implies (12. 2p . This completes the proof. D 
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Proposition 2.14. Assume that I'cxiA) > 1/2 for some Borel subset A C X. Then, 
there exists a point xq G Gx such that 

dxi^o^g^o) < diam A + p(diamyl) 
for any g & G. 

Proof. Since A fl Gx ^ 0, the claim follows from the same argument in the proof of 
Proposition 12. 131 D 

For any 77 > 0, we put p^+rf) := lim^/^^ 07^(77'). 

Corollary 2.15. There exists a point z^ G Gx such that 

dx{zx, gzx) < lim diam(z/G,x, 1 - k) + p( + lim diam(z/G,x, 1 - k)) 

Ktl/2 fvtl/2 

for any g E G. 

For any ?] > 0, we define a (possibly infinite) number ujx{v) = ^x ' yv) ^s the supre- 
mum of dx{gx,g'x) for all g,g' E G with dcidyg') < V- 

Lemma 2.16. For any ki, k,2 > 0, we have 

Sep(z/G,x; f^i, '^2) < ^x{+ Sep(G; ki, K2)). 

Proof. Let A and B be two Borel subsets such that I'cxiA) > ni and vg,x{B) > fi;2- 
Since /xg((/x)-H^)) > «:i and pG{{fx)-\B)) > K2, we have (h{ifx)-\A),{fx)-HB)) < 
Sep(G; Ki, ^2). Thus, from the definition of tUx, we obtain c?x(^, -B) < uJx{+Sep{G] ki, K2)). 
This completes the proof. D 

Corollary 2.17 (cf. [71 Section 5.2]). Assume that a sequence {Gn}'^^i of compact metric 
groups is a Levy family and each Gn acts on a metric space X . Assume also that there 
exist a sequence {xn}'^=i of points in X and a function oj : (0, +0x3) — > [0, +cxd] such that 
lim^^o"^!^) = and ujx„"' (^) < ^iv) f^'^ '^''^V n E fi and r] > 0. Then, the sequence 
{{X, dx, J^Gn,x„)}n=i of mm-spaces is a Levy family. 

3. Estimates of the diameters of orbits 

Throughout this section, we always assume that a compact metric group G continuously 
acts on a metric space X. We shall consider the group G as an mm-space (G, dcf^c), 
where pc is the Haar measure on G normalized as HaiG) = 1. In this section, motivated 
by the work of Milman [16], we shall estimate the diameters of orbits Gx from above 
for concrete metric spaces X by words of the continuity of the action, an isoperimetric 
property of G, and a metric space property of X. For this purpose, we use the notation 
p = p('^'^) and Ux = ujx ' defined in Subsection 2.3. We first consider the case where 
the orbit map fx '■ G 3 g ^^ gx E X for some x G X is a 1-Lipschitz map. In this case, 
applying Corollary 12.151 we obtain the following: 
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Proposition 3.1. For any n G (0, 1/2), there exists a point z^ & X such that 

dx{z^,gzi^) < ObsDiamx(G'; — k) + p(ObsDiamx(G'; — k)) 
for any g E G. 

3.1. Case of Euclidean spaces. In this subsection, we consider tlie case wtiere tlie 
metric space X is tlie Euclidean space M'''. Let pr^ : R'' 3 x = {xi)^^^ i^ Xj G M be the 
projection. 

Proposition 3.2 (cf. [TO', Section 3|.32]). For any finite Borel measure v on M^ with 
m := z/(]R^), we have 

diamfi^, m — k) < yk max diam ( (prj)^,(z/), -m — ^ ) . 

l<i<k \ kJ 

Applying Corollary 12.121 to Proposition 13.21 we obtain the following corollary: 

Corollary 3.3 (cf. [lOj Section 3|.32]). For any Levy family {Xn}'^=i and any k> 0, we 
have 

lim ObsDiam]{jfc(X„; —n) = 0. 

Proposition 3.4. Assume that a compact metric group G continuously acts on the Eu- 
clidean space M^ and put r := limK|i/(4fc) Sep(G; k, k). Then, for any x G M^, there exists 
a point Zx G Gx such that 

(3.1) dRk{zx,gZx) < VkuJcc{+r) + p{+VkuJx{+r)) 

for any g E G. 

Proof. Combining Lemma \2. 161 with Proposition 13.21 we get 

diam(z/G,x, 1 — /«) < yk max diam ( (prj)*(z/(7^^), 1 — ^ 

i<i<fc V ' k- 

< \fk max Sep ( (prj^z/^.x' 

l<i<fc \ 

< TfcSep {^G,x]^, 

< vkux ( + Sep ( G; 



2k' 2k 
2k 
2k' 2k 



Applying this to Corollary 12.151 we obtain (13.11) . This completes the proof. D 

3.2. Case of compact metric spaces. In this subsection, we treat the case where the 
metric space X is a compact metric space K. For any 5 > 0, we denote by Nk{S) the 
minimum number of Borel subsets of diameter at most 6 which cover K. 

Proposition 3.5 (cf. |10l Section 3|.34]). For any 6, k > and any finite Borel measure 
u on K with m := v{K), we have 

diam(., m-.)< Sep (.; ^, ^) + 25. 
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Corollary 3.6 (cf. p!Ol Section 3|.34]). Let {Xn}'^=i be a Levy family and K a compact 
m,etric space. Then, for any k > 0, we have 

liin ObsDianij^(X„; —k,) = 0. 

n^oo 

By virtue of Proposotion 13. 5^ the same proof of Proposition 13.41 yields the following 
proposition: 

Proposition 3.7. Assume that a compact metric group G continuously acts on a compact 
metric space K and put r^^s := uJx{+ \vaif^^i/(2NK(5)) Sep((j.'; k, k)) + 25 forx G K and 6 > 0. 
Then, there exists a point z^^g G Gx such that 

dK{zx,s,gZx,s) < rx,s + p{+rx,5) 
for any g E G. 

Proposition 13.71 generalizes Milman's result [161 Theorem 5.1]. 

3.3. Case of M-trees. In this subsection, we consider the case where the metric space 
X is an M-tree T. For this purpose, we first recall some standard terminologies in metric 
geometry. Let (X, dx) be a metric space. A rectifiable curve 7 : [0, 1] — > X is called a 
geodesic if its arclength coincides with the distance dx{l{0),l{^)) and it has a constant 
speed, i.e., parameterized proportionally to the arc length. We say that {X,dx) is a 
geodesic space if any two points in X are joined by a geodesic between them. 
A complete metric space T is called an M.-tree if it has the following properties: 

(1) Any two points in T are connected by a unique unit speed geodesic. 

(2) The image of every simple path in T is the image of a geodesic. 

To answer Gromov's exercise in p^ Section 3^.32], the author proved the following 
theorem: 

Theorem 3.8 (cf. [H Proposition 5.1]). For any k > and finite Borel measure u on T 
with m := i^iT), we have 



i/(^St(^x^, Sep(^z/;-, y 



> 1- K. 



Corollary 3.9 (cf. [H Theorem 1.1]). Let {Xn}'^=i be a Levy family and T an M.-tree. 
Then, for any k, > 0, we have 

lim ObsDiam7^(X„; —k) = 0. 

n— »oo 

By Proposition 12.131 and Theorem 13.81 the following proposition follows from the same 
proof of Proposition 13.41 

Proposition 3.10. Assume that a compact metric group G continuously acts on an M-tree 
T. Then, for any x eT and k G (0, 1/4), there exists a point Zx^k G T such that 

drizx^K, QZx.k) <^x{ + Sep [G; /«, o ) ) + P\^x{+ Sep [G] k, - 
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for any g E G. Put r := liniK|i/4 Sep((ji'; k,,k). Then, there also exists a point z^ G Gx 
such that 

drizx, gzx) < mm{2u;^(+r) + p(+2a;^(+r)), 2uj,^{+r) + 2p{uj.^{+r)} 

for any g E G. 

3.4. Case of doubling spaces. Throughout this subsection, we consider the case where 
the metric space X is a doubhng space. A complete metric space X is called a doubling 
space if there exist i?i > and a function D = Dx '■ (0, -Ri] -^ (0, +oo) satisfying the 
following condition: Every closed ball with radius 2ri < 2Ri is covered by at most -D(ri) 
closed balls with radius ri. This condition is equivalent to the following condition: There 
exists a function G = Gx = G{ri,r2) : (0,2_Ri] x (0, 2_Ri] — > (0, +cxd) such that for every 
(ri, r2) G (0, 2Ri] x (0, 2Ri], every ri-separated subset in any closed ball in X with radius 
r2 contains at most C(ri,r2) elements. For example, a complete Riemannian manifold 
with Ricci curvature bounded from below is a doubling space (see the proof of Corollary 

E^QD. 

Although the proof of the following theorem is the same analogue to [21 Theorem 1.3], 
we give it for completeness. 

Theorem 3.11. Let X be a doubling space and v a finite Borel measure on X with 
m := I'iX). Assume that a positive number rQ satisfies 

ro > max | Sep [u; n, ^^^-^ j , Sep [u; -^, -^) , Sep [u; -^, . 

for some k, > 0. Then there exists a point xq E X such that v{Bx{xq, 3ro)) > m — k. 

Proof. Take a maximal ro-separated set {C,a}aGA oi X. From the doubhng property of X, 
there exists a^ E A such that 

fc := #{/5 G ^ I e/3 G Bx{U,5ro)} = max#{/3 eAl^pE BxiU^ro)} < C(ro,5ro). 

aeA 

Putting {/3i,/32, ■ ■ ■ , Pk} ■= {P & A \ ^13 e Bx{^ao,5rQ)}, we take a subset Ji C {^a}a&A 
which is maximal with respect to the properties that Ji is 5ro-separated and ^^^ G Ji, 
^/32 ^ Ji^ ' ' ' ^ ipk ^ Ji- We then take J2 C {ioi}a(^A \ Ji which is maximal with respect to 
the properties that J2 is 5ro-separated and C,/32 ^ J2, (.fSs ^ J2, ■ ■ ■ , ip^ ^ -h- In the same 
way, we pick J3 C {E,a}aeA \{Ji^ J2), ■ ■ ■ , Jk '^ {^a}aeA \ ( Ji U J2 U • ■ ■ U Jt-i)- We then 
have 

Claim 3.12. {^a}aeA = Ji U J2 U ■ ■ ■ U J^. 

Proof. Suppose that .^^ ^ -'^i U J2 U ■ ■ • U J^ for some a E A. Since each Jj is maximal, 
there exists ^a, G Ji such that dxi^ay^aj < 5ro and C,a 7^ ^a,- We therefore obtain 

k + l< MUU,U, ■ ■ ■ ,U} < #{/3 G ^ U;3 G BxiU5ro)} < k, 
which is a contradiction. This completes the proof of the claim. D 
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By Claim [XT21 we have X = |Jj=i Uf^eJi ^x{(,a,ro). Hence there exists i, 1 < i < k 
such that 






We then have 
Claim 3.13. 



'( U 5x(a,2ro)) > 



Proof. Supposing that ^^(IJf^GJ, ^x{(,a, 2ro)) < m — k, from the assumption of tq, we have 
ro < rfx (X \ U 5x(ea,2ro), |J 5x(a,ro)) < Sep (^u; k, ""^^ ) < tq. 

This is a contradiction. This completes the proof of the claim. D 

Claim 3.14. There exists C.-y G Ji such that i/(Sx(^7, 2ro)) > {m — k)/3. 

Proof. Suppose that z/(i?x(^a, 2ro)) < (m — k)/3 for any ^q, G Jj. Then, by Claim [3TT31 
there exists J^' C J^ such that 

Thus, putting J" := Jj \ J[, from the assumption of Tq, we get 

ro < dx ( U BxiU 2ro), IJ i?x(a, 2ro)) < Sep (z/; ^^, ^^) < r,. 

This is a contradiction. This completes the proof of the claim. D 

Combining Claim 13.141 with the same method of the proof of Claim 13.131 we finally 
obtain z/(i?x(^7, 3ro)) > 1 — k. This completes the proof of the theorem. D 

By Corollary 12. 121 and Theorem 13.111 we get the following corollary: 

Corollary 3.15 (cf. [21 Theorem 1.3]). Let {Xn\'^^i he a Levy family and X a doubling 
space. Then, for any k, > 0, we have 

lim ObsDiamx(^n; —i^) = 0. 

n— »oo 

Applying Theorem 13.111 to Proposition 12.131 we obtain the following proposition: 

Proposition 3.16. Let a compact metric group G continuously acts on a doubling space 
X. Assume that a positive number tq satisfies 

1 \\ / ^ / 1 — k1 — K' 



ro>max^( + Sep(.;.,^^-^)),...( + Sep(.; ^ , ^ 

cj^ (^ + Sep [u] ^~' '^j ) } 
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for some k G (0, 1/2). Then there exists a point Zx,k ^ X such that 

dx{zx,K,9Zx,K) < 3ro + p(3ro) 
for any g E G. Moreover, there exists a point z'^ ^ E Gx such that 

dx (4,«, ^4,k) < min{6ro + p(6ro) , 6ro + 2p(3ro) } 
for any g E G. 

We next consider the case where the function D = Dx '■ (0, +oo) -^ (0, +oo) is a 
constant function. This is equivalent to the following condition: The function C = Cx '■ 
(0, +oo) X (0, +oo) -^ (0, +oo) satisfies that G{ar, as) = G{r, s) for any r,s,a > 0. We 
call such a metric space a large scale doubling space. 

By Theorem 13.111 we obtain the following corollary: 

Corollary 3.17. Let X be a large scale doubling space and u be a finite Borel measure 
on X with m := z/(X) and put 

r^ := max | Sep [v] k, ^ j , Sep i^u; — - — , — - — j , Sep l^u; — - — , KJ | 

for K > 0. Then, there exists a point x^ E X such that u{Bx{xk, 3rK)) > m — n. 

Applying Corollary 13.171 to Proposition I2.13[ we obtain the following proposition: 

Proposition 3.18. Assume that a compact metric group G continuously acts on a large 
scale doubling space X . Put 

rx,K ■■= max |^^. (^ + Sep (G; /t, ^ ^ J j , u;x ( + Sep [G; ^— , ^~)) ' 

Ux y + Sep \^G] -^—, i^JJJ 

for X E X and n > 0. Then, for any /? G (0, 1/2), there exists a point Zx,k G ^ such that 

dx{zx,K,gZx,K) < 3ra;,^ + p(3r^,K) 
for any g E G. There also exists a point z'^^E Gx such that 

c?x(4,K' 3z'x,n) < min{6r^,«, + p(6r^,^), <orx^^ + 2p(3r^,«)} 
for any g E G. 

Assume that a complete metric space X has a doubling measure vx-, that is, vx is a 
(not only finite) Borel measure on X having the following properties: X = Supp ux and 
there exists a constant G = G{X) > such that 

(3.2) iyxiBxix,2r)) < Cz/x(5x(x,r)) 

for any x E X and r > 0. For example, by virtue of the Bishop-Gromov volume compari- 
son theorem, the volume measure of an n-dimensional complete Riemannian manifold M 
with nonnegative Ricci curvature is a doubling measure with G{M) = 2". 
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Lemma 3.19 (cf. [21 Lemma 2.1]). Let {X, vx) be a complete metric space with a doubling 
measure ux- Then, for any < ri < r2 and x,y E X with x G Bx{y, ^2), we have 

ux{Bx{x,n)) ^ ^_m\'°^^^ ^ ^i°g2^-2 



Px{Bx{y.r2)) - C^yr^J 

Corollary 3.20. The space (X, z/x) is a large scale doubling space with Cx(ri,T2) < 
(^2+iog2{(ri+2r2)/ri}^ /n particular, we have Cx(l,5) < C^+i^saii. 

Proof. Given any x G X and ri,r2 > with r2 > ri, we let {ia\a(^A ^ Bx{x,r2) be an 
arbitrary ri-separated set. Note that closed balls i?x('Ca) 2"^ri — e) are mutually dijoint 
for any e > 0. We hence have 



uxiBx{x,2-^n + r2)) >'yx[[j BxiW^'^n-e 

aeA 

= Y,ux{Bx{W2-'n-e)) 



aeA 



>yx{Bx{U.2-\,~e))i^A, 

where z/x(-Bx(^ao, 2^^ri — e)) = min^g^ ux{Bx{ia, 2^Vi — e)). Applying this to Lemma 
13.191 we obtain 

// /[ < ^x{Bx{x,2-^ri +r2)) ^ ^2+log2{(ri+2r2)/(ri-2e)} 

This completes the proof. D 

Combining Corollary 13.171 with Corollary I3.20[ we obtain the following corollary: 

Corollary 3.21. Let v be a finite Borel measure on (X, vx) with m := z^(X). Put 

r„ / ^_2-ioir n\n / m — Km — K\^ ( m — K x-i 
r«, :=max|bep(z/;/€,C ^2 ),Sep(^z/; — - — , — - — j,Sep(^z/; — - — ,KJj 

for K > 0. Then, there exists a point a;^ G X such that z/(i?x(a^K; Sr^)) > 1 — /«. In 
particular, we have diam(i/, ?ti — k) < Gr^. 

By using Corollary 13.211 we obtain the following propostion: 

Proposition 3.22. Assume that a compact metric group G continuously acts on (X, Ux)- 
Put 

r,,, :=max {u;,.(+ Sep(G; ^i,C-'-'°^^'')),u;,(^ + Sep (G; ^^, ^)), 

^^(^ + Sep ('^;^— ''^j)} 

for X G X and k > 0. Then, for any k G (0, 1/2), there exists a point z^^^ G X such that 

dx{zx,K,gZx,K) < 3ra;,«; + p(3r^,K) 
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for any g E G. There also exists a point z'^ ^ E Gx such that 

dx{z'^^^, gz',^^^) < min{6ra;,K + p{Qr^^^), 6r^^^ + 2p{3r^^^)} 

for any g E G. 

Corollary 3.23. Assume that a compact metric group G continuously acts on an n- 
dimensional complete Riemannian manifold M with nonnegative Ricci curvature. Put 

1 — K, 1 — K, 
r '" ' "'"" 



r, := max [uj,{+ Sep{G- k, 2-^^+'°^'^ i^)")), u^ ( + Sep (C; 



tc;a;(^ + Sep (<^;^~''^))} 



for X E M and k, > 0. Then, for any x E M and k, E (0, 1/2), there exists a point 
Zx^K £ M such that 

dM[Zx,Kj gZx,K) ^ <J^a;,K + P(<J^a;,K) 

for any g E G. There also exists a point z'^ ^ E Gx such that 

for any g E G. 

3.5. Case of metric graphs. In this subsection, we treat the case where X is a metric 
graph. Let F = (\/, E) be a (possibly infinite) undirected connected combinatorial graph, 
that is, r is a 1-dimensional cell complex with the set V of vertices and the set E of edges. 
We allow the graph F to have multiple edges and loops. For vertices v,w eV which are 
endpoints of an edge, we assign a positive number a^^w such that ar := inf^Y^' civ'w' > 0. 
Every edge is identified with a bounded closed interval or a circle in R^ with lengh a^w, 
where v and w are endpoints of the edge. We then define the distance between two points 
in F to be the infimum of the length of paths joining them. The graph F together with 
such a distance function is called a metric graph. 

Lemma 3.24. Let (C, dc) be a circle in M^ with the Riemannian distance function dc 
and V a finite Borel measure on G with m := z^(C). Then, for any k, > 0, we have 

diam(z/, m - /t) < — = Sep (^z/; -, - 
Proof. Note that 

TT 

dR2{x,y) < dc{x,y) < 2 dR2{x,y) 
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for any x,y E C. Denoting by pr^ : M^ 3 (xi,X2) i-^ Zj G M the projection, by using 
Lemma [2.111 we therefore obtain 

diam(i/, r/i — k) = diam(z/|((7^^j_,),?n — n) 

< -diam(z/|(c,rf^2),m-/€) 



<-^Sep(H(c,.,.);^,9 



.' ,^ ,^'n 



72 

This completes the proof. D 

For every edge e E E and r > 0, we put e_r. := {x G e | c?r(e, v) > r and dr(e, w) > r}, 
where f and w are endpoints of the edge e. 

Theorem 3.25. Let u be a finite Borel measure on a metric graph T with m := i^(r). 
Assume that postive numbers a, n, k' satisfy that k' < k, a < a^, and 

Ton i' f^ '^\ A r^ ( rn — K \'\ 
max <! 2 Sep \y\ -, - l,4bep \v\ — - — ,«; I !> < a 

Then, we have 

(a / K \ Tl / K — K' K — K \^ 

(3.3) diam(i/,m- k) < max|- + 2Sep (^z/; -, KJ, — = Sep ^'^^^ — > — ^ — )]■ 

Proof. We first consider the case of viXJ^^y Bx{y,a/A)) > k. Since Sep(z/; k/3, fi;/3) < 
a/2, as in the proof of Claim [3?!^ there exists a vertex v eV such that v{Bx{v, a/4)) > 
n/?>. We thus obtain u^Bxiv, a/4 + Sep(z/; k/3, k/3))) > m — hi, which implies (13. 3p . 

We consider the other case that z/(X \ [j^^y Bx{v, a/4)) > m — k. By the same method 
of Claim \3AM. either the following (1) or (2) holds: 

(1) There exists an edge e E E such that e is not a loop and iy{e^a/i) > {rn — k)/3. 

(2) There exists a loop i E E with z/(£_a/4) > (m — k,)/3. 

If (1) holds, combining the same proof of Claim 13.131 with Sep(z/; k,/3, k,') < a/4, we 
then have z/(e) > m — k,'. We therefore obtain 

diam(z/, m — k) < diam(z/|e, m — k) 

= diam(i/|e, z/(e) — (z^(e) — m + k)) 

z/(e) — m + K i/(e) — ?Ti + k 



< Sep f z/| 

< Sep ( z/; 



ri Kj r\j ri 
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If (2) holds, by Claim [3TT31 and Sep(z/; k/S, k') < a/4, we then get z/(^) > m — k'. Applying 
Lemma [3.241 we therefore obtain 

diam(z/, m — k) < diam(i/|£, m — k) 

= diam(z/|£, z/(£) — {i'{i) — m + k)) 

TT / z/(£) — m + K z/(£) — m + K 



- ;^ ^^p i'' 



v/2 "V"'^' 4 ' 4 

7r„ /, K — k' K — k' 



< —^ Sep 1 1/ 



v/2 "V"'^' 4 ' 4 

TT / K — k' K — K,'\ 

This completes the proof of the theorem. D 

Corollary 3.26. Let {X„}J^-^ be a Levy family and T a metric graph. Then, for any 
K > 0, we have 

lim ObsDiamr (-^n ; —i^) = 0. 
By virtue of Theorem 13.251 we obtain the following: 

Proposition 3.27. Assume that a compact metric group G continuously acts on a metric 
graph T. We also assume that postive numbers a, k, k' and a point x & X satisfy that 
k' < K, a < ar, and 

Put 

s^,„,«,/ := max|- + 2a;^(^ + Sep \^G; -, kJJ , —u^{^ + Sep {^G; — - — ,^ — jjj. 
Then, there exists a point z^^^^^i G Gx such that 

aX\Zx,K,K' : 9Zx,k,k' ) —1 Sx^k,k' I P\^x,k,k' ) 

for any g E G. 

3.6. Case of Hadamard manifolds. In this subsection, we consider the case where X 
is a Hadamard manifold A^, i.e., a complete simply connected Riemannian manifold with 
nonpositive sectional curvature. The following theorem was obtained in |[3i Theorem 1.3]. 

Theorem 3.28. Let {Xn}'^=i be a Levy family and N a Hadamard manifold. Then, for 
any k > 0, we have 

lim ObsDiam7v(A^n; —i^) = 0. 



max|2a;^.(^ + Sep [G; -, -jj ,Aux\^ + Sep (^G; — — , k'J j | < a. 



J ,- .,.' s 
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3.6.1. Central radius. Let A^ be a Hadainard manifold. For a finite Borel measure on N 
witfi compact support, we indicate the center of mass of the measure z/ by c(z/). Given 
any k > 0, putting m := i^{N), we define the central radius CRad(i/, m — n) oi u as the 
infimum of p > such that z/(i?Ar(c(z/), p)) > m — k. 

Proposition 3.29 (cf. [23l Proposition 5.4]). For a finite Borel measure p on M.^ with 
the compact support, we have 

^ ' z/(M^) A. ^ > 

Proposition 3.30 (cf. [23, Proposition 5.10]). Let N he a Hadamard manifold and nu a 
finite Borel measure on N with the compact support. Then, x = c(z/) if and only if 

N 

In particular, identifying the tangent space of N at the point c(z/) with the Euclidean space 
of the same dimension of N, we have c((exp~.M*(i/)) = 0. 

Proposition 12. 13l directly implies the following corollary: 

Corollary 3.31. Assume that a compact metric group acts on a Hadamard manifold N 
and put Tj. := limK|i/2 CRad(z/G,a;) 1 — /t) for x G X. Then, we have 

dx{c{jyG,x),9c{i^G,x)) < r,^ + pi+r,^) 

for any g E G. Moreover, there exists a point z^ G Gx such that 

dx{zx,gzx) < min{2ra; + p(+2r^),2ra; + 2p(+ra;)} 

for any g E G. 

3.6.2. Holder actions. In this subsubsection, we consider a Holder action of a compact 
Lie group to a Hadamard manifold. 

Let a compact Lie group G acts on a Hadamard manifold A^. We shall consider the 
case where uJxiv) ^ C'l'?" holds for some x E N and Ci, a > 0. 

Combining Gromov's observation in |8| Section 13] with one in [lOl Section 3|.41], we 
obtain the following theorem: 

Theorem 3.32. Let M be a compact Riemannian manifold and N be a Hadamard man- 
ifold. Assume that a continuous map f : M ^ N satisfies that 

dN{f{x),f{y))<C^dM{x,yr 
for some Ci > 0, a > 1, and all x,y E M. Then, the map f : M ^ N is a constant map. 

Proof. Put 1E(/) := c{f^{iiM))- We shall prove that Supp/=k(px) = {E(/)}, which implies 
the theorem. Suppose that Supp /*(px) 7^ {^{f)}- We identify the tangent space of N at 
E(/) with the Euclidean space R^, where k is the dimension of A^. According to the hinge 
theorem (see [22l Chapter IV, Remark 2.6]), the map expg,^, : A^ -^ R^ is 1-Lipschitz. 
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Since the map exp^h-. is isometric on rays issuing from E(/) and Supp /*(/iM) 7^ {JE(/)}, 
we have 

/ \i^^Pmf)°f)i^)\'^d^Mix) = dNifix),E{f)fdfiM{x)>0. 
Jm ^ ' Jm 

Denoting by ((expjg/^N o/)(a;))j the i-th component of {exp^h-. o/)(a;), we hence see that 

there exists io such that 

l((expEm °f)ix))i^\'^dfXMix) > 0. 

M 

Putting (f := (expg,\s o/),^, we observe that 

II 1 II r \v{y) - v{x)\ ^ y CidM{y,xy 

II grad^. v^ll = hmsup — < hmsup — = 

y^x dM{y,X) y^x dM{y,X) 

and the function ip has mean zero by Proposition I3.30[ We therefore obtain 

< Ai(M) = inf ^MWs^^^^xdfdfXMJx) ^ /^ II g^ad^ V^f ci/XM(x) ^ ^ 
Im 9{xydfiM{x) ~ J^j<p{xydfiM{x) 

where the infimum is taken over all nontrivial Lipschitz maps g : M ^W with mean zero. 
This is a contradiction. This completes the proof. D 

Corollary 3.33. Assume that a compact Lie group G continuously acts on a Hadamard 
manifold N . We also assume that there exists a point x G X such that the condition 
^xiv) ^ CiTj" holds for some a > 1. Then, the point x is a fixed point. 

Assume that a compact metric group G contnuously acts on a Hadamard manifold N. 
In view of Corollary 13.331 we shall consider the case of < a < 1 . 
We assume that a compact metric group G satisfies that 

(3.4) acir) < ^26"^=="" for some C2, C3, /3 > 0. 

See Examples 12.21 and 12.31 for examples. 

Let a compact metric group continuously acts on a metric space X. For any r > and 
X G X, we define uj~^{r) as the infimum of dcid, 9'), where g and g' run over all elements 
in G such that dx{gx,g'x) > r. 

Lemma 3.34. Assume that a compact metric group continuously acts on a metric space 
X. Then, for any x G X, we have 

Proof. Let A C X be any Borel subset such that v^xi^) > 1/2- From the difinition of 
^x^ix)-, we get 

{geG\gxe ^}+^-i(,) <^{geG\gx^ A+J. 
Since ficiig & G \ gx E A}) > 1/2, we hence obtain 

i/G,x(X \ A+r) < f^G{G \{geG\gxe A}+^-i(,)) < aG{u;-\r)). 
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This completes the proof. D 

Lemma 3.35. Let a compact metric group G continuously acts on a metric space X . 
Assume that a point x & X satisfies the following Holder condition: 

(3.5) uJx{f]) < CiT]" holds for some Ci > and < a < 1. 

We also assume that the group G satisfies the condition ( [5'.^[ j. Then, we have 

Proof. By the assumption (13.51) . dx{gx,g'x) > Cis" imphes that dcig^g') > s, that is, 
dxigx,g'x) > r yields that dcig.g) > (r/Ci)!/". We hence get uj-^{r) > (r/C^)!/". By 
using this and Lemma 13.341 we obtain 

«(x,.o.)(0 < «G(^;^(r)) < aa{{r/G^y/-) < C^e"^^""'"^^-''/'^ . 

This completes the proof. D 

We denote by 7^ the standard Gaussian measure on R'^ with density (27r)"'^'/^e~l^l /^. 
For any p > 0, we put 



Mp:= f \s\Pd^i{s) = 2p/\-^/^t( 



p+l 



2 
The same proof of [121 Theorem 1] implies the following theorem: 

Theorem 3.36 (cf. [12, Theorem 1]). Assume that an mm- space X satisfies thatax{r) < 
Cie^'^2''*' for some Ci,G2 > and some p > 1. Then, for any 1-Lipschitz function 
f : X —^ M.^ with mean zero, we have 

|/(x)rrf^x(x) < ^ / \y\-d^,{y) - ^ ^2) ^^^ 



X G2Mp Jjjfc G2Mp ^(2) ^2 

where G is a constant depending only on p and Gi . 

Theorem 3.37. Let a compact metric group G continuously acts on a k-dimensional 
Hadamard manifold N. Assume that a point x & N satisfies the Holder condition Ii3.5\) . 
We also assume that the group G satisfies ( [5'.^[ ) and a < f3. Then, there exists a point 
Zx € Gx such that 

(3.6) diam(Gz.) < j^^^ + p(^__^ 



where G is a constant depending only on a/ (3 and G 



Proof. To apply Corollary I3.31[ we shall estimate CRad(z/G,x, 1 — k) for < k < 1/2 
from the above. Putting z := c{vg,x)^ as in the proof of Theorem 13.321 we identify the 
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tangent space of A^ at z with the Euchdean space M'^. Since the map exp^-*^ : A^ -^ M'^ is 
a 1-Lipschitz map, by virtue of Lemma [3.351 and Theorem I3.36[ we have 

r (^(^/3/aL/3/(2a) 



'N JN C^3 

where C is a constant depending only on C2 and (3 /a. Combining this inequahty with 
the Chebyshev inequahty, we hence get 

CC^ k^l"^ 
CRad(t/G,.,l-/c)< ^^^^yip 

for any < k. Applying Corollary 13.3 ![ we therefore obtain (13. 6p . This completes the 
proof. D 

3.6.3. Cases of finite groups. In this subsubsection, we shall consider the case where G is 
a finite group. Let G be a finite group and S' C G \ {cg} be a symmetric set of generators 
of G. We denote by r(G, S) the Cayley graph of G with respect to S. For such S, we 
shall consider the group G as a metric group with respect to the Cayley graph distance 
function. 

Let r = (V, E) be a simple finite graph, where simple means that there is at most one 
edge joining two vertices and no loops from a vertex to itself. The discrete Laplacian Ap 
act on functions / on V^ as follows 

Ar/(x) := Y^Uix) - f{y)\ 

where a; ~ y means that x and y are connected by an edge. We denote by Ai(r) the 
non-zero first eigenvalue of the Laplacian Ap. 

As Theorem 13.321 Gromov's observation in P, Section 13] together with one in [ini 
Section 3^.41] imply the following lemma: 

Lemma 3.38. Let S (^ G \ {ec} be a symmetric set of generators of a finite group G 
and assume that the group G continuously acts on a k-dimensional Hadamard manifold 
N . Then, for any x E N and k > 0, we have 

.2fi:Ai(r(G,^)). 
Proof. Suppose that 

(3.7) r := CRad(.«,.. 1 - «) > ..(D { ...^t'o , S)) T ' 

As in the proof of Theorem 13. 32[ we identify the tangent space of A^ at 2; := c{vg,x) with 
the Euclidean space M'^. By the Chebyshev inequality, we get 

|(exp;ior)(^)|>G(^) = / dNU^{g),zfd^^G{g) > ^r\ 

G JG 



CRad(.G,.,l-.)<..(l)(^— M|_^) 
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Hence, there exists io such that 

(3.8) Jj{ew;'or){g))ld^^a{9)>^. 

Putting (f := (exp^^ °f^)ioi by (13.71) and fl3.8p . we obtain 



\i{T{G,S))= inf 



T.a.a'&G:a^Afi.9)- f{9')) 



l\\2 



^ T.g.g'^G;g^g'dN{n9),n9')f 

•^Egecvigy 

i^Gj^^igydfiaig) 

^.(l)¥>g 
Ic'^igydfiGig) 



< 



< 



Kr^ 



<Ai(r(G,5)), 

where the infimum is taken over all nontrivial functions / : G — > M such that Xlqec fig) ~ 
0. This is a contradiction. This completes the proof. D 

Applying Lemma 13.381 to Corollary 13.311 we obtain the following theorem: 

Theorem 3.39. Let S (^ G \ {ec} be a symmetric set of generators of a finite group G 
and assume that the group G continuously acts on a k-dimensional Hadamard manifold 
N . Then, for any x E N, we have 

for any g E G. There also exists a point z^ € Gx such that 

M^.,,..)<mm|..(l)(3-^^,^^-^j +p( + 2-.(l)(^^(r(G,5))J J' 

,^^( kj^s v/2 ^ ^ / / ki^s y/ 



.X,{T{G,S))J ' ^\' ^^ '\X,{T{G,S)) 
for any g E G. 

4. Levy group action 

In this section, we discuss about a Levy group action to concrete metric spaces appeared 
in Section 3. 
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A metrizable group G is called a Levy group if it contains an increasing chain of compact 
subgroups Gi C G2 ^ ■ ■ ■ ^ G'„ C ■ ■ ■ having an everywhere dense union in G and such 
that for some right-invariant compatible distance function do on G the groups G^ n ^fi, 
equipped with the Haar measures /x^n normalized as fJ^G„{Gn) = 1 and the restrictions of 
the distance function do, form a Levy family. See [7], [17], [18], [19] and references therein 
for informations about a Levy group. 

Let a topological group G acts on a metric space X. The action is called bounded if 
for any e > there exists a neighbourhood [/ of the identity element cq & G such that 
dx{x,gx) < e for any g eU and x G X. Note that every bounded action is continuous. 

Lemma 4.1 (cf. [T9l Theorem 1]). Assume that a metric group G with a right invariant 
distance function do boundedly acts on a metric space X . Then, orbit maps f^'-G^X 
for all X & X are uniformly equicontinuous . 

We shall consider an action of a Levy group to a metric space X satisfying the following 
condition: 

{()): We have lim„^oo ObsDiamx(Xn; — /^) = for any /? > and any Levy family 

Note that M-trees, doubling spaces, metric graphs, and Hadamard manifolds satify the 
condition (0) (see Section 3). 

Conjecture 4.2. Any complete Riemannian manifolds satisfy the condition (()). 

Let a topological group G acts on a metric space X. We say that the topological group 
G acts on X by uniform isomorphims if for each g E G, the map X 3 x ^-^ gx E X is 
uniform continuous. The action is said to be uniformly equicontinuous if for any e > 
there exists S > such that dx{gx, gy) < e for every g E G and x,y E X with dx{x, y) < 5. 
Given a subset S C G and x G X, we put Sx := {gx \ g G S}. 

Proposition 4.3. Assume that a Levy group G boundedly acts on a metric space X 
having the property ((}) by uniform isomorphisms. Then for any compact subset K Q G 
and any e > 0, there exists a point Xe,K G X such that disiin{Kxs.K) < £■ 

Proposition 4.4. There are no non-trivial bounded uniformly equicontinuous actions of 
a Levy group on a metric space having the property (()). 



Proof of Propositions \4-^ and 4-4 From the definition of G, the group G contains an 



increasing chain of compact subgroups Gi C G2 ^ ■ ■ ■ '^ Gn ^ ■ ■ ■ having an everywhere 
dense union in G such that for some right-invariant compatible distance function da on 
G, the sequence {(X, dx, /^g„)}^i forms a Levy family. Let x G X be an arbitrary point. 
We first prove Proposition 14.31 Since G boundedly acts on X and do is right-invarinat, 
by vritue of Lemma I^TTl for any e > there exists 6 > such that dx{gy,g'y) < £^/2 for 
any y G X and g,g' E G with dG{g,g') < S- Take a subset {gi,g2, ■ ■ ■ ,5'Af} ^ G such 
that each g E K is within distance 6 of the set {gi,g2, ■ ■ ■ ,gN} and all gi are contained 
in Ge for some large £ G N. Since the orbit map fx '■ G ^ X is uniformly continuous, 
by using Corollary 12.171 the sequence {{X, dx,^G„,x)}'^=i is a Levy family. From the 
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property (0) of the space X the identity maps id„ : {X, dx,^G„,x) — ^ X concentrate, 
that is, hm„_^oo diam(z/G„ .J,, 1 — k) = for any k > 0. Hence there exist £„ > and 
Xn e Xn such that hm„^oo£^n = and \imn-,oo i^G„,x{Bx{xn, Bn)) = 1- Take no G N such 
that no G N, z/G„„,,(5x(x„o,£„J) > 1/2 and £„, < p({9i.92.-.9iv},x)^^^j < ^/4_ ^^^g 3^3^^ 

method of the proof of (12.11) . we obtain 

for any gi. For any g E K, choosing gi with dcigi^g) < S, "we obtain 

dx{Xno,9Xno) < dx {X no, 9iX no) + dxiOiXng, 9Xno) - O "^ 9 ^ ^ 

by the definition oi 6 > 0. This completes the proof of Proposition 14. 3[ 

We next prove Proposition 14.41 Since hm^^o P*^'^'"^'' (^) — O5 by using Corollary 12. 15[ we 
get 

diam(G'„x) < 2 lim diam(i/G„ x, 1 — /t) + 2p''^'^' ( + lim diam(z/G„ x, 1 — /^)) ^ 

Ktl/2 ' Ktl/2 

as n ^ 00. Since Gix C Gg^; ^ ■ ■ ■ C G„x C G^+ix C ■ ■ ■ , we therefore obtain 
GnX = {x} for any n G N. This completes the proof of Proposition 14. 4[ D 

Note that every continuous action of a topological group on a compact metric space 
is bounded. Since a compact metric space has the property (0) and a Levy group G 
contains an increasing chain of compact subgroups Gn having an everywhere dense union. 
Proposition 14.31 includes the fixed point theorem ([7'j Theorem 7.1]) by Gromov and Mil- 
man. 
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